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Abstract

We study the influence of the Moon on the Earth’s orbit around the
Sun. Starting from the Newtonian gravitational interaction in the Sun—
Earth—-Moon system, we use the mass hierarchy of the Sun—Earth—-Moon
system to derive a correction to the effective Earth—Sun potential energy. In
the absence of this correction, and neglecting other perturbations, the Earth’s
motion reduces to the standard Kepler problem and the orbit is an ellipse.
The Moon-induced correction causes a small deviation from this ideal Kep-
lerian motion, leading to a gradual precession of the Earth’s perihelion. We
estimate this precession to be approximately 7.9 arcseconds per century and
compare it with other known contributions to the Earth’s orbital precession.

1 Introduction

The motion of the Earth around the Sun is often described as a two-body Kepler
problem. In this approximation, the Earth follows an elliptical orbit with the Sun
located at one focus, see for example [1]. This model provides an excellent first
description of planetary motion, but it neglects several smaller effects that perturb
the orbit. These include gravitational interactions with other planets, especially
massive planets such as Jupiter, as well as corrections from Einstein’s general
theory of relativity.

Small deviations from ideal Keplerian motion have long played an important
role in gravitational physics. A famous example is the anomalous precession of
Mercury’s orbit, which could not be fully explained by Newtonian gravity and
became one of the early successes of general relativity. More broadly, orbital



precession can reveal the influence of additional physical effects, including gravi-
tational perturbations from nearby bodies, relativistic corrections, or extra sources
of mass.

In this work, we focus on one specific Newtonian perturbation: the gravita-
tional influence of the Moon on the motion of the Earth—Moon system around the
Sun. As the Moon orbits the Earth, its distance from the Sun changes slightly.
When the Moon is closer to the Sun, it experiences a somewhat stronger solar
gravitational force; when it is farther away, this force is weaker. This difference
produces a small perturbation of the Earth-Moon system and contributes to the
precession of Earth’s orbit around the Sun.

The Earth—-Moon—Sun system has a natural hierarchy in both masses and dis-
tances, with the Sun far more massive than the Earth and the Earth far more mas-
sive than the Moon. This hierarchy allows the Moon’s influence to be treated as a
small correction to the dominant Keplerian motion around the Sun. The relevant
mass hierarchy is

MO > MEarth > MMoon- (1)

Together with the hierarchy of orbital distances, this approximation makes it pos-
sible to estimate the Moon-induced precession of the Earth’s orbit around the Sun.
Such calculations are also useful more broadly, since accurate models of orbital
motion are important for studying planetary systems beyond our own, including
Earth-like planets orbiting other stars.

2 Theory

In this section, we develop the theoretical framework used to estimate the preces-
sion of the Earth’s orbit due to the Moon. We begin with the standard one-body
Kepler problem, which describes the motion of a small mass in the gravitational
field of a much heavier body. This provides the unperturbed reference orbit. We
then introduce the Moon as a small perturbation and derive the corresponding cor-
rection to the effective Earth—Sun potential energy. Finally, we use this correction
to estimate the resulting orbital precession.

2.1 The pure Kepler problem

Before considering the Moon’s perturbation, we first review the pure Kepler prob-
lem: the motion of a body of mass m in the gravitational field of a much heavier



body of mass M. For the Earth—Sun system, the gravitational potential energy is
Ur) = -2 a0 =GMm, )
r

where r is the Earth—Sun distance and G is the gravitational constant. Since the
angular momentum L is conserved, the radial motion can be described using the

effective potential )
Uanlr) = =24 . ©
ro 2mr?
The first term represents the gravitational attraction, while the second term is the
centrifugal contribution associated with angular motion.
To determine whether the orbit precesses, we calculate the total angular dis-

placement during one radial cycle, from perihelion to aphelion and back:
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where ¢ and 7 are the angular and radial velocities, respectively. From conserva-
tion of angular momentum and energy,

do L
$= = (%)
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P= i \/— (E = Uegi(r)). (6)
t m
The radial turning points, 7y, and 7., are determined by
E = Ues(r). (7

They correspond to the closest and farthest points from the Sun, called perihelion
and aphelion. Substituting the expressions for ¢ and i gives

fmax ], dr
Ap =2 f o . 8)
2 (E = Uen(r)
For the effective Kepler potential in Eq. (3), this integral gives
Ap = 2n. 9)

The details of this integration are shown in Appendix [A] Thus, after one complete
radial cycle, the orbit returns to its original orientation. The pure Kepler orbit is
therefore closed and does not precess. Any deviation from A¢ = 2x indicates
orbital precession.



2.2 Moon-induced correction to the Earth—Sun potential

We now derive the correction to the effective Earth—Sun potential caused by the
Moon. The Newtonian potential energy of the Sun—Earth—-Moon system is

MM MM MgM
U=-_gretm _ GYME  SMEMu

ry r r

(10)

where M, Mg, and M, are the masses of the Sun, Earth, and Moon, respectively.
Here r; is the Sun—Moon distance, r; is the Sun—Earth distance, and r is the Earth—
Moon distance, as shown in Fig.

Figure 1: The Sun—Earth—-Moon system.

Let R be the position of the Earth—-Moon center of mass relative to the Sun.
We write the positions of the Moon and Earth relative to the Sun as

_ _
71:R+?3, ?2:R+?4, (11)

where 7 and 7, are measured from the Earth—-Moon center of mass to the Moon
and Earth, respectively. By definition of the center of mass,

MEI7')4+MM173 =0. (12)
The system has a natural hierarchy of masses and distances,
My < Mg < M, ry < r; < R (13)

Since r3/R <« 1 and r4/R < 1, the Sun—Moon and Sun—Earth interactions can be
expanded in powers of these small ratios. For example, the Sun—Moon interaction

becomes MM MM i
Ug_y = -G—2M = g2 M . (14)
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Expanding to second order in r3/R, we obtain

MMy |, R-% 13 3R B
Us vy ~ -G 1- -3 : 15
S R [ R? 2R 2R (13)
Similarly, for the Sun—Earth interaction,
MoMp R-72 12 3R -7A?
Us_p ~ -G 1- -4y : 16
SF R [ R> 2R* 2R (16)

Adding Egs. and (16), we can separate the result into the Kepler term and
corrections:

Mo (Mg + M
Us_r+Us_y = -G of ’; m) + 06U, + 6U,. (17)

Here 6U, contains the first-order terms and 6U, contains the second-order terms.
The first-order correction is

M. _> S
SU, = GR—f [ME(R SR+ My (R - ?3)] : (18)
Using the center-of-mass condition in Eq. (I2)), we find
oU, =0. (19)

Thus, the dipole correction cancels, and the leading correction is the second-order,
or quadrupole, term:

M (7, - R)? (7 - R)?
65U, = GZ—Ri [ME (rﬁ - 3T + My |73 — 3T . (20)

We now express 73 and 74 in terms of the Earth-Moon separation vector 7. If 7
points from Earth to the Moon, then

- ME - - MM -
3= ———TF, g =————7"0+-T. (21)
Mg+ My Mg+ My
Substituting these expressions into Eq. (20)) gives
_ Meu |, (7- R’)z
oU, =G T |r -3 = | (22)
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where MM
p=—-2"M (23)
ME + MM

is the reduced mass of the Earth—-Moon system.

The last term in Eq. (10),

MM
_GETM (24)
r

describes the internal Earth—-Moon interaction. Since this term does not depend on
R, it does not affect the motion of the Earth—-Moon center of mass around the Sun.
Therefore, for the effective Earth—Sun motion, we can omit this internal term.

The effective potential for the Earth-Moon system moving around the Sun is
then

Mo(Mg + My) | Mo [rz G ﬁ)zl , (25)

Ug(R) = -G +G

Cff( ) R 2R3 R2
In this approximation, we treat the Moon’s orbit as circular and average over

one lunar cycle. To simplify this expression, we average the quadrupole correction

over the Moon’s orbit around the Earth. Writing

7-R = rRcos6, (26)
we have .
—). R 2
<r2 - 3(rR2) > = <r2 - 3r% cos? 9>. 27)
Using
5 1 27 ) 1
(cos“ 6) = Ef cos“6do = 5 (28)
0
we obtain {
(=317 cos” 0) = -5 (29)

Therefore, the averaged effective potential becomes

Mo(Mg + My)  GMopr?
R 4R3

Uet(R) = -G (30)
The first term is the usual Kepler potential for the motion of the Earth—-Moon
system around the Sun. The second term is the Moon-induced correction,

p _ GMopr®

OUR) =—p5. B 1 3D



This correction modifies the pure Kepler problem and leads to a small precession
of the Earth’s orbit. In the limit M, << Mg, the reduced mass satisfies u ~ My,
giving the simpler approximation

B~ 1 (32)

2.3 Precession of the Earth’s orbit

We now use the Moon-induced correction derived in the previous section to cal-
culate the corresponding precession of the Earth’s orbit. The averaged correction
has the form
B 3 GMur?
R PET
where R is the distance from the Sun to the Earth-Moon center of mass, r is
the Earth—Moon distance, and u is the reduced mass of the Earth—-Moon system.
Compared with the pure Kepler problem, this introduces an additional small term
proportional to 1/R°.

As before, the total angular displacement during one radial cycle is

Ap =2 f (f) dR, (34)
Rmin R

where R, and R, are the perihelion and aphelion distances, respectively. Using
conservation of angular momentum and energy, we obtain

oUR) = - (33)

Run
max L dR
Ap =2 f = , (35)
m 2 o
RN ATy
where
m= Mg+ My, a=GMym. (36)

For g = 0, Eq. reduces to the pure Kepler result, Ap = 2x. Therefore, any
correction to this value represents orbital precession. For small 5, we write

Ap =21 + S, (37)

where d¢ is the precession angle per orbit. Expanding the integral to first order in

B gives
6rm*af

L4

S = . (38)



The details of this perturbative calculation are given in Appendix
This result can be written more transparently using the semi-latus rectum p of
the unperturbed Kepler orbit. For an ellipse,

2

p= b a(l — é%), (39)
a

where a is the semi-major axis, b is the semi-minor axis, and e is the eccentricity.
In orbital mechanics, p is also related to the angular momentum by

L2
p=—. (40)
ma
Using this relation, Eq. (38)) becomes
6
¢ = i’[j (41)
ap
Substituting the definitions of @ and S, we find
3mpr?
op = ———. 42
=5 2 (42)
Since My; < Mg, we have u ~ My, and m =~ Mg. Therefore,
3n (My\(r 2
oo~ —|—||—| - 43
=3 w)G) ®

For the Earth’s nearly circular orbit, p = a(l — €*) ~ a ~ R, where a is ap-
proximately one astronomical unit. Thus, the Moon-induced precession can be

estimated as 3 )
T MM r
S ~ X Mm (—) . 44
pr (ME) R (44)

This expression gives the small shift of the Earth’s perihelion caused by the Moon
during one orbit around the Sun.

3 Results and conclusion

Using Eq. (#4)), the Moon-induced precession of the Earth’s orbit is



2 \ M )\R

where M, is the mass of the Moon, My is the mass of the Earth, r is the Earth—
Moon distance, and R is the Earth—Sun distance. Substituting

s~ L (@)(f)z (45)

My =7.35 x 10% kg, Mg =5.97 x 10** kg, (46)
r=3.84x10°m, R =1.496 x 10" m, 47)

we obtain
8¢ =3.83x10"rad = 2.2 x 107 deg = 7.9 x 1072 arcsec. (48)

Thus, the Moon causes the Earth’s perihelion to shift by approximately
7.9 x 107% arcsec (49)

per orbit, or about
7.9 arcsec (50)

per century.

For comparison, the total Newtonian precession of the Earth’s perihelion due
to planetary perturbations is about 1.2 X 10° arcseconds per century [3]. Thus,
although the Moon-induced effect is small, it is not negligible compared with
some other known corrections to the Earth’s orbital precession.

Future work could include a more detailed treatment of the Moon’s elliptical
orbit, the inclination of the Earth—Moon orbital plane, and the combined effects of
the Moon and other planets. A related extension would be to study the precession
of the Moon’s orbit due to the gravitational influence of the Sun.
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A Integration for the pure Kepler problem

Here we evaluate the angular displacement integral for the pure Kepler potential,

L2
2mr?’

U === Ua()=-=+ (51)

The total angular displacement during one radial cycle is

s ], d
Ap=2 f - ! . (52)
rin M2 (E — Ue(r))

Substituting the effective potential gives

Ap=2 f "L ar . (53)
Fmin 1T \/% (E+ % - Zfl;lzrz)

It is convenient to introduce the variable

1
u=-, dr = ——. (54)
r

Since ry;, corresponds to .y, and ry.x corresponds to Uy, the integral becomes

Ap =2 f % du . (55)
Hmin \/% (E + au — L—Zuz)

2m
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The expression under the square root is a quadratic function of u. Completing the
square, we write

L 2 2
E+au—%u :%[A —(u—uo)], (56)
where ma
Upg = F (57)
The constants up;, and up,, are the two turning points, so they are given by
Umin = U — A, Umax = Up + A. (58)
Therefore,
uo+A d
Ap=2 - . (59)
up—A \/Az - (Lt - I/t())2
Using the substitution
W =u— up, (60)
we obtain |
dw
Ap =2 f _ 61)
-A VA? —w?

This standard integral gives

et (G (P @

Thus, in the pure Kepler problem, the total angular displacement during one radial
cycle is

Ap = 2n. (63)

The orbit is therefore closed and does not precess.

B Perturbative calculation of the precession

In this appendix, we derive the first-order correction to the orbital angle caused by
the additional potential

OoU(R) = —I%. (64)
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The total effective potential is

L? a ,8
Uei(R) = -— - 65
iR = "R R (65)
The angular displacement during one radial cycle is
fmax [, dR
Ag =2 f . (66)
R

~ mR? 2 12 a B
\/Z(E_W+E+F)

To first order in S, it is convenient to use the identity

L 95U, ©67)

VE- Uy OE
which allows us to write
Ag = 4_Li o 1 \/ + P oar, (68)
N aE R "R 2m R2 ®

Expanding the square root to ﬁrst order in S gives

12 L2 1
\/Eﬂ_ A + P . (69)

R 2mR*> R? R 2mR> 2R3 e L2
E+3%-

2mR?

The first term gives the Kepler result 27r. The first-order correction is therefore

26L 0 max dR
o = 5L ~9E f . (70)
V Rumin RS 'E + @ 2m;2
Now introduce
1 dx
= —, dR = ——. 71
x= g 2 (71)
Then Eq. becomes
6 "Xmax 3 d
Sp = 2B~ = (72)

OE
Xmin 22an + 2ma ma . X2

Completing the square, define
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2,2
3 ma ,  mras  2mE
V=X- F, A° = 72 + s (73)

The turning points correspond to v = —A and v = A, so

3
A(v+"Z—‘2’)

op = 26— —dv. 74
@ ﬁaEIA yeRmadd (714)
Expanding the numerator,
ma\* 5 ma ma\? ma\?
(e ge) =g () v+ () )

The terms odd in v vanish after integration over the symmetric interval [—A, A].
The remaining terms are

d 42 d 3 M 4
Sp = 2p— |3 [ V4V +(@) f | (76)
OE| L? J_4 vVaz—2 \L?) J_4 \Jaz -2
Using
A d A Zd A2
f—v=n, v _ A 77
_a VA2 -2 _a VA2 2 2
we obtain
0 [3mmaA? ma\3
= oL | 2man (YY)
o0 ﬁ@E[ 212 ”(LZ)] %)
Only A? depends on E, so
3nrma 0A>
op = 2————. 79
=28 I7 3E (79)
Since
2 2
,  mras  2mE
Tt 0
we have
0A%>  2m
0A" _ 2m 81
oF L? 1)
Therefore,
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